We investigate the effect of a degenerate optical parametric amplifier (OPA) placed inside an optomechanical cavity on the steady-state entanglement of two cavity modes, which jointly interact with a mechanical resonator. Two cavity modes are respectively driven at the red and blue sideband associated with the mechanical resonator, which generates entanglement between them in the limit of resolved sideband. The OPA gives rise to single-mode squeezing of the cavity fields, which results in significant improvement of the two-mode entanglement. It is found that an optimal nonlinear gain of the OPA exists, depending on the system temperatures, which yields the maximum entanglement. The improvement is particularly remarkable for the system at cryogenic temperatures.
Introduction
Quantum entanglement is a valuable resource that can be exploited not only in quantum information processing, e.g., performing computation and communication tasks with an efficiency which is not achievable classically [1] , but also in the study of the quantum-to-classical transition [2, 3] , wave-function collapse theories [4] [5] [6] , and so on. To date, great efforts have been made on the demonstration of entanglement in microscopic systems.
However, entanglement in macroscopic systems has been less investigated and observed.
Optomechanics, exploring the interaction between light and mechanical objects via radiation pressure [7] , is considered as an ideal platform to prepare entangled states, especially of large and massive objects [8] . In the past two decades, many efforts have been made to prepare entangled states in cavity optomechanical systems. Basically, they can be divided into the following kinds: entangled states of cavity modes [9] [10] [11] [12] [13] [14] , of a cavity mode and a mechanical mode [15] [16] [17] , of mechanical modes [18] [19] [20] [21] [22] [23] [24] [25] [26] , and of hybrid modes, e.g., in atom-optomechanical systems [27] [28] [29] [30] . Recently, it has been shown that, by including an optical parametric amplifier (OPA) inside the cavity, interesting phenomena would occur. The OPA is able to enhance optomechanical cooling [31] , optomechanical coupling strength and normal mode splitting [32] . The enhanced coupling strength makes it even possible to implement cavity optomechanics in the single-photon strong coupling regime [33] . The OPA generates squeezing of the cavity field which can be used to improve the sensitivity of mechanical quadrature measurements [34] , and to prepare squeezed states of the mechanical mode [35] . Moreover, it has been shown that the OPA can also enhance the entanglement of one cavity mode and one mechanical mode [36] , of two mechanical modes [37] , and of multi cavity and mechanical modes [38] .
In the present paper, we provide a protocol to enhance the stationary continuous variable entanglement between two cavity modes via placing a degenerate OPA inside an optomechanical cavity, which is comprised of a fixed mirror and a light movable mirror which acts as a mechanical resonator. The two cavity modes jointly interact with the mechanical resonator and by properly choosing the cavity-laser detunings the two cavity modes can be prepared in an entangled state. The OPA is used to squeeze both the two cavity fields, and as a result, the entanglement between the two cavity modes can be significantly enhanced. We focus on the case of entanglement in steady states. It is found that an optimal nonlinear gain of the OPA and an optimal phase of the optical field driving the OPA exist corresponding to the maximum entanglement and this optimal nonlinear gain becomes smaller as the system temperature increases. This implies it is not true that larger the single-mode squeezing corresponds to stronger the two-mode entanglement. One has to optimize the nonlinear gain of the OPA so as to get the maximum entanglement at specific temperatures.
The paper is organized as follows: In Section 2 we introduce in detail our model and provide the system Hamiltonian and its corresponding quantum Langevin equations (QLEs) after linearization of the system dynamics. In Section 3, we present the results and compare the entanglement of two cavity modes in the cases with and without inserting an OPA. It shows that remarkable improvement of the steady-state entanglement can be achieved with the presence of the gain medium. Finally, we draw our conclusions in Section 4. Figure 1 . Sketch of the system. Two cavity modes are respectively driven by two lasers which simultaneously interact with the movable mirror via optomechanical interaction. A nonlinear crystal (OPA) inside the cavity is used to squeeze the cavity fields by optical parametric process.
System Hamiltonian and Langevin equations
As depicted in Fig. 1 11 Hz, which is much smaller than the optical frequencies. In this case, the two pump fields interact synchronously and independently with the OPA and the two nonlinear processes can be considered identical. The two cavity modes interact via the usual optomechanical interaction with the mechanical resonator. The Hamiltonian for such a system is given by
i G e a e e a e  is the coupling between the driving laser and the cavity field, which is related to the pump power Pi and the cavity decay rate k by 2
with F the cavity finesse. The last term in the Hamiltonian is the novel part, which denotes the coupling between the OPA and the two cavity modes. G is the nonlinear gain of the OPA, which is proportional to the power of the driving field, and  is the phase of the optical field driving the OPA. Without loss of generality, we have assumed the nonlinear gain G and the phase  are identical for the two independent nonlinear processes.
The corresponding nonlinear QLEs, including various noises entering into the system, in the interaction picture with respect to
 is the mechanical damping rate,  is the Langevin force operator accounting for the Brownian motion of the mirror, which is auto-correlated as [39] 
where kB is the Boltzmann constant and T is the environmental temperature.
in i a is the input vacuum noise operator for the cavity, of which the only nonzero correlation function is
Sizeable steady-state entanglement is typically achieved with sufficiently large optomechanical couplings, which is realized when the cavity is intensely driven so that the intracavity field is strong. The above QLEs (6) can be rewritten in the following form
where       1  1  2  2 , , , , , 
and Due to the Gaussian nature of the quantum noise terms in Eq. (7) and the linearized dynamics, the steady-state quantum fluctuations of the system is a tripartite Gaussian state of two optical modes and one mechanical mode, fully characterized by the 6×6 covariance matrix 
where D is the diffusion matrix, with its entries defined as
The diffusion matrix is a diagonal matrix, that is
we have assumed the mechanical resonator is of high quality factor 1
typically satisfied under the current experiment conditions [40] . In this limit,  
the mean thermal phonon number, which is assumed to stay at the same environmental temperature T. This means that the evolution of the mechanical resonator is a Markovian process.
Once the covariance matrix V is obtained, one can then calculate the entanglement between the two cavity modes and we adopt the logarithmic negativity [41] , which is defined as diag 1,1,1, 1 P   is the matrix that inverts the sign of phase of cavity mode 2, which realizes partial transposition at the level of covariance matrices [42] .
Numerical results and discussions
In this section, we present the numerical results of the steady-state entanglement between two cavity modes focusing on the effects of the OPA. For such a system without OPA, the entanglement properties of two cavity modes have been investigated [12] [13] [14] . A judicious choice of detunings is vital to achieve the two-mode squeezed state of the cavity modes.
Following Refs. [12] [13] [14] , we set 1 m    and 2 m     , i.e., cavity mode 1 (2) is driven at the red (blue) sideband associated with the mechanical resonator, and we assume also that the system is in the resolved sideband limit, i.e., m m  k    , which requires that the cavity is of high finesse. Under these conditions, the entanglement of two cavity modes can be efficiently generated: the two-mode squeezing interaction driven by the laser at the blue sideband generates entanglement between the mechanical resonator and cavity mode 2, and the beam-splitter interaction driven by the laser at the red sideband then transfers the state of the mechanical resonator to cavity mode 1. By exchanging the roles of the cavity modes and the mechanical mode, similar mechanism can be used to prepare two-mode squeezed states of two mechanical resonators interacting with one cavity mode [26] . Figure 2 shows the steady-state entanglement between two cavity modes as a function of the phase  of the driving field on the OPA. It shows that the optimal phase for the entanglement is    / 2 for  Î [0, ] , while for  Î [ ,2 ] , the system starts to be unstable which we will not consider. We have employed the following parameters [15, 43] corresponding to a thermal state of the cavity field due to the interaction with the mirror which is in thermal equilibrium with the environment. We see that cavity mode 1 is phase squeezing while mode 2 is amplitude squeezing, and the two modes have the same degree of squeezing.
This is due to the phase difference of two driving fields on the OPA and the assumed identical 
Conclusions
We have studied the effect of the OPA on the improvement of steady-state entanglement between two cavity modes which jointly interact with a mechanical resonator. The OPA generates squeezed cavity fields leading to a significant improvement of the two-mode entanglement, especially for the system at low temperatures. However, there is no simple correspondence between the single-mode squeezing and the two-mode entanglement. An optimal nonlinear gain of the OPA exists, depending on the system temperatures, which gives rise to the maximum entanglement. Therefore, the OPA with a tunable nonlinear gain, realized by adjusting the power of the driving field, is vital for optimizing the entanglement. Although the present study is focused on optical entanglement, our protocol can also be applied to enhance the entanglement between an optical mode and a microwave mode [11] , where the OPA is used to squeeze only the optical field. We note that, as an alternative, one could consider using a feedback scheme [44] , which can also significantly improve the entanglement between two optical modes.
